An efficient Monte Carlo method is extended to evaluate directly domain-wall free energy for randomly frustrated spin systems. Using the method, critical phenomena of Ising and Heisenberg spin glasses in three dimensions are investigated. Clear evidence of a finitetemperature spin-glass phase transition is presented in the Ising spin glass, while there is no such tendency in Heisenberg spin glass.
Numerical simulations, in particular Monte Carlo (MC) methods, have played a quite important role in spin-glass (SG) studies. 1) For example, very large-scale MC simulations have strongly suggested the existence of a SG phase transition in 3d Ising SG systems, 1) where a cumulant of SG overlap function q, so called the Binder parameter, has frequently been used in order to extract critical temperature T c . However, the Binder parameter in 3d Edwards-Anderson (EA) Ising models merely depends on system sizes below T c as compared to that above T c . In order to settle the issue and make progress toward a good understanding of the SG picture, we consider other numerical analyses to be quite necessary.
In the present work, we pay attention to the domain-wall renormalization-group (DWRG) method originally proposed by McMillan.
2) The DWRG estimates a singular part of free energy by calculating the domain-wall free energy which is defined as the free-energy difference between periodic and anti periodic boundary conditions (BCs). In SG systems, the free-energy difference between these two BCs cannot be assured positive so that the width of distribution of the free-energy difference over bond samples is examined as an effective coupling F eff of the SG ordering. In the scaling regime at low temperatures, F eff follows a power law as a function of the system size L, F eff ∼ L θ , where the stiffness exponent θ is related to the rigidity of the system. If the exponent θ takes a positive value at a temperature, then the system stays in an ordered phase. On the other hand, a negative exponent means a disordered phase. In this sense, the sign of the exponent θ is an indicator of the existence of long-range ordering.
The DWRG approach relies on an accurate way for estimating the free-energy difference between two BCs. It is a difficult task in general for MC method to estimate free energy or entropy. In this work we have developed a boundary-flip MC method proposed by Hasenbusch 3) which allows us to estimate free-energy difference at a finite temperature directly from MC simulation. In the MC method, we introduce a dynamical variable specifying the boundary conditions, which is the sign of the interactions between the first and the last layer of the lattice for the given direction. The new variable as well as the spins of the systems are updated by a standard MC procedure. Then, we can measure the free-energy difference by estimating the prob-abilities for realizing each boundary condition during MC simulation. In randomly frustrated spin systems such as SG models, there is a serious relaxation problem in MC simulations. We overcome the problem by using the exchange MC method.
4)
This combined method 5) is found to be quit efficient for randomly frustrated spin systems. The present method is applicable to a wide class of spin systems.
We apply the method to the 3d ± J EA Ising and Heisenberg SG models defined by
where S i takes ±1 for Ising model and S i is a three-component unit vector for Heisenberg model, and the sum runs over all nearest-neighbor pairs with N = L 3 spins. The interaction J ij is randomly distributed with ±J values with equal probability. The size and temperature dependence of the effective coupling for Ising and Heisenberg SG models are shown in Figs. 1 and 2 , respectively. As shown in Fig. 1 , crossing of F eff is seen at a certain temperature, suggesting that the SG transition occurs at a finite temperature in the 3d ± J Ising SG model. This is very clear evidence for SG order below T c as compared with the very small effect observed in the Binder parameter. On the other hand, as can be seen from Fig. 2 , F eff for Heisenberg case constantly decreases with increasing the linear size L at all temperature studied. This means that the SG ordering occurs only at zero temperature, consistent with previous works. 
